積分可能な同次式ポテンシャル系とSchwarzの3角形 (力学系と微分幾何学) by 吉田, 春夫
Title積分可能な同次式ポテンシャル系とSchwarzの3角形 (力学系と微分幾何学)
Author(s)吉田, 春夫














. 1 Hamilton ,
2 Hamilton . Hamilton
$H= \frac{1}{2}(p_{1}2+p_{2}2)+V(q_{1}, q_{2})$ (1)
, .
$V(q_{1}, q_{2})$ .
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$V(q_{1}, q_{2})= \frac{1}{2}(q_{1^{+}}^{2}q_{2}^{2})+q^{2}1q_{2^{-}}\frac{1}{3}q^{3}2$ (2)
3 1













1 . , (7) c 1 . (5)
$\frac{d^{2}\xi}{dt^{2}}+\phi(t)k-2\partial 2V(_{C})\xi=0$ (8)
. 2 $V(c)$ $V(q)$ q $=$ c .
$(\xi_{1}, \xi_{2})arrow(\xi_{1}’, \xi/2)$ $\partial^{2}V(c)$ .






(5) , (Normal Variational
Equation, NVE) , $q_{1}=p_{1}=0$
. , NVE













$a+b– \frac{1}{2}-\frac{1}{k},$ $ab=- \frac{\lambda}{2k},$ $c=1- \frac{1}{k}$ (17)
. .





Hamilton (1) , $q_{1}=$
$p_{1}=0$ 1
$\Phi(q, p)=\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{s}\mathrm{t}$ . (18)
. 1
$I=D^{m} \Phi:=(\xi\frac{\partial}{\partial q}+\eta\frac{\partial}{\partial p})mq\Phi(, p)=\mathrm{C}\mathrm{o}\mathrm{n}\mathrm{s}\mathrm{t}$ . (19)
. $\Phi(q+\xi, p+\eta)$ $q_{1}=p_{1}=0$ $0$
\xi , $\eta$ . $\Phi(q,p)$ $H(q,p)$
, 1 1 .
(19)
$I=I(q_{2},p2, \xi_{1,\eta 1})=\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{S}\mathrm{t}$. (20)
. (20) (14) , Gauss (15) 1
, \xi $=\xi_{1}(Z)$ 1 .
, Gauss (15)
$\xi=\exp[\int\zeta(z)dZ]$ (21)
. \mbox{\boldmath $\zeta$}(z) $I(q_{2},p2, \xi_{1}, \eta 1)$ $f_{j}(z)$
$f_{0}(z)\zeta^{n}+f_{1}(z)\zeta^{n-1}+...$ $+f_{n-1}(z)\zeta+f_{n}(z)=0$ (22)
, $z$ . Gauss (15)
, , , 3
.
Hamilton
, (20) 3 ,
$\bullet$ $I$ $(\xi_{1}, \eta_{1})$ ,
$\bullet$ $I$ ,




1 1 . k ,





$V_{3}$ $=$ $\frac{1}{24}(4q_{1}^{2}q_{2}+8q_{2}3)$ (25)
$V_{4}$ $=$ $\frac{1}{64}(q_{1^{+1}}^{4}2q^{2}1q^{2}2+16q_{2}^{4})$ (26)
$V_{5}$ $=$ $\frac{1}{160}(6q_{1}^{4}q_{2}+32q_{1}q^{3}2+322q_{2}^{5})$ (27)
. $q_{1}=p_{1}=0$ , (11) \mbox{\boldmath $\lambda$}=(k $-1$ ) $/2k$
. $\Phi_{k}=\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{s}\mathrm{t}$ . NVE 1












H. Schwarz Gauss 2 1
. Schwarz . Schwarz
. [8], [5], [14] .
(23) $q_{1}=p_{1}=0$
Gauss
z(l–z) $\frac{d^{2}\xi}{dz^{2}}+(\frac{k-1}{k}-\frac{3k-2}{2k}z)\frac{d\xi}{dz}+\frac{\lambda}{2k}\xi=0$, $\lambda=\frac{k-1}{2k}$ (33)
. 2 1 , (32)
$\xi^{(1)}(_{Z})=[1-\sqrt{1-z}]^{\frac{1}{k}}$ , $\xi^{(2)}(_{Z})=[1+\sqrt{1-z}]^{\frac{1}{k}}$ (34)
. Gauss $z=0,1,$ $\infty$ exponent
$(\hat{\lambda},\hat{\mu},\hat{\nu})$
$\hat{\lambda}=1-c=\frac{1}{k}$ $\hat{\mu}=c-a-b=\frac{1}{2}$ $\hat{\nu}=b-a=\frac{1}{2}$ (35)
. Schwarz 2 1
$S(z):= \frac{\xi^{(1)}(_{Z)}}{\xi^{(2)}(_{Z)}}=(\frac{1-\sqrt{1-z}}{1+\sqrt{1-z}})^{\frac{1}{k}}$ (36)
, $w=S(z)$ $({\rm Im} z>0)$ .
$[0,1]$ .
$\bullet$ z $[0,1]$ $\Rightarrow w$ $[0,1]$
$\bullet$ z $(-\infty, 0]$ $\Rightarrow w$ $w=e^{i\pi/k}$ $w=0$
$\bullet$ z $[1, +\infty)$ $\Rightarrow w$ $w=1$ $w=e^{i\pi/k}$
. $w=S(z)$ $({\rm Im} z>0)$ ,
w \mbox{\boldmath $\pi$}/k 1 . $k=4$
1 . $({\rm Im} z<0)$ , Schwarz
. $w=S(z)$
, $w=S(z)$ . $z$
$z\in(0,1),$ $Z\in(-\infty, 0),$ $z\in(1, +\infty)$ ( 2 ) 3
. 3 .
,













. . 4 w
Riemann , $(\pi/k, \pi/2, \pi/2)$ 2k 2k
3 ( 5). 3 exponent
(35) $(\hat{\lambda}\pi,\hat{\mu}\pi, \iota\hat{\ovalbox{\tt\small REJECT}}\pi)$ . ,
2 1 (34) , - 2 1
, 1
$W= \frac{a\xi^{(1)}(z)+b\xi^{(2})(_{Z)}}{c\xi^{(1})(_{Z)\xi(}+d(2)Z)},=\frac{aw+b}{cw+d}$ (37)
. $a,$ $b,$ $c,$ $d$ . 1 Riemann
, .
– Gauss ,
. $z=0,1,$ $\infty$ exponent
$\hat{\lambda}=1-c,\hat{\mu}=c-a-b,\hat{\nu}=a-b$ (38)











$\bullet$ $z$ $w=S(z)$ Riemann $(\hat{\lambda}\pi,\hat{\mu}\pi,\hat{\nu}\pi)$
3 (Schwarz 3 )
( 6). Riemann
, - 3 Riemann
, . Riemann
1 $(\hat{\lambda},\hat{\mu},\hat{\nu})$ ,
$( \frac{1}{2},$ $\frac{1}{2},$ $\frac{1}{k})$ , $( \frac{1}{2},$ $\frac{1}{3},$ $\frac{1}{3})$ , $( \frac{1}{2},$ $\frac{1}{3},$ $\frac{1}{4})$ , $( \frac{1}{2},$ $\frac{1}{3},$ $\frac{1}{5})$ (40)
. Riemann 7
. 8 2 , 4 , 8 , 20




. , $w=S(z)$ $z=F(w)$ 1 ,
. Riemann $1$ , 2
, 3 , etc. . Schwarz





6 Galois (Picard-Vessiot )
Galois Galois . 5
–




. , $p(z),$ $q(z)$ 2
$\frac{d^{2}\xi}{dz^{2}}+p(z)\frac{d\xi}{dz}+q(Z)\xi=0$ (41)





. Picard-Vessiot , (41) [
Galois $G$ Go , $G$ $SL(2, \mathrm{c})$
,
$\bullet$ $G$ 3 , or
$\bullet$ $G$ , or
$\bullet$ $G_{0}$ $[G:Go]=2$
. Picard-Vessiot [1], [2], [3]
. Gauss (16) [4]









$\pm\hat{\mu},$ \pm \rho Schwarz- - ,
.
79
Schwarz- - . ( $l,$ $m,$ $n$ )
Schwarz- -
2 1 , $\hat{\lambda}\pm\hat{\mu}\pm\hat{\nu}$ \langle $\not\in$) $1$ Gauss
. – (41) , $r(z)$
1
$\frac{d\xi}{dz}+r(z)\xi=0$ (42)





. (41) Gauss , $r(z)$ (43)
, 2 1 . [5]
. - , 2 1 , Gauss
Schwarz . Galois $G$
,
$\bullet$ $G$ 3 9Gauss
$\bullet$ $G$ 9Gauss
$\bullet$ Go [$G$ :Go]=2\Leftrightarrow Schwarz- - 1






. 2 1 , $\hat{\lambda}\pm\hat{\mu}\pm\hat{\nu}$ \langle $\not\in$) $1$
,
$\lambda=j+j(j-1)k/2=\{0,1, k-1, k+2,3k-2, \ldots\}$ (45)
. Schwarz- - 1 , $k=\pm 2$
\mbox{\boldmath $\lambda$} . $k$ , $\hat{\nu}=1/2+$
\mbox{\boldmath $\lambda$} ,
$\lambda=\frac{k-1}{2k}+j(j-1)k/2=\{\frac{(k-1)}{2k},$ $\frac{(k-1)}{2k}+k,,$ $\frac{(k-1)}{2k}+3k,$ $\ldots\}$ (46)
. $k=\pm 3,$ $\pm 4,$ $\pm 5$ .
$k=\pm 3,$ $\pm 4,$ $\pm 5$ Schwarz- - $\lambda$ .
$k=4$ , $k$
$\lambda=\{0,1,3,6,10, \ldots\}\cup\{\frac{3}{8},$ $\frac{35}{8}$ , $\frac{99}{8}$ , $\frac{195}{8},$ $\ldots\}$ (47)
Schwarz- - 4
$\lambda=-\frac{1}{8}+\frac{1}{8}(\frac{4}{3}+4j)^{2}=\{\frac{7}{72},$ $\frac{55}{72},$ $\frac{247}{72},$ $\frac{391}{72}$ , $\ldots\}$ (48)
$\bullet$ $k$ ( $k\leq-6$ $k\geq 6$ )
$\lambda$ $=$ $\{j+\frac{j(j-1)}{2}k\}\cup\{\frac{k-1}{2k}+\frac{j(j-1)}{2}k\}$
$=$ $\{0,1, k-1, k+2,3k-2, \ldots\}\cup\{\frac{k-1}{2k},$ $\frac{k-1}{2k}+k,$ $\frac{k-1}{2k}+3k,$ $\ldots\}(49)$
$\bullet k=\pm 1$




$\bullet$ $k=\pm 3,$ $\pm 4,$ $\pm 5$ – $k$
$k=3$ : $\lambda=\{-\frac{1}{24}+\frac{1}{24}(2+6j)^{2}\}\cup\{-\frac{1}{24}+\frac{1}{24}(\frac{3}{2}+6j)^{2}\}\cup$
$\{-\frac{1}{24}+\frac{1}{24}(\frac{6}{5}+6j)^{2}\}\cup\{-\frac{1}{24}+\frac{1}{24}(\frac{12}{5}+6j)_{\mathrm{I}}^{2}$ (51)
$k=4$ : $\lambda=\{-\frac{1}{8}+\frac{1}{8}(\frac{4}{3}+4j)^{2}\}$ (52)
$k=5$ : $\lambda=\{-\frac{9}{40}+\frac{1}{40}(\frac{10}{3}+1\mathrm{o}j)\}2\cup\{-\frac{9}{40}+\frac{1}{40}(4+10j)^{2}\}$ (53)
$k=-3$ : $\lambda=\{\frac{25}{24}-\frac{1}{24}(2+6j)^{2}\}\cup\{\frac{25}{24}-\frac{1}{24}(\frac{3}{2}+6j)^{2}\mathrm{I}\cup$
$\{\frac{25}{24}-\frac{1}{24}(\frac{6}{5}+6j)\mathrm{I}2\cup\{\frac{25}{24}-\frac{1}{24}(\frac{12}{5}+6j\mathrm{I}^{2}\}-$ (54)
$k=-4$ : $\lambda=\{\frac{9}{8}$ $- \frac{1}{8}(\frac{4}{3}+4j)^{2}\}$ (55)
$k=-5$ : $\lambda=\{\frac{49}{40}-\frac{1}{40}(\frac{10}{3}+10j)^{2}\}\cup\{\frac{49}{40}-\frac{1}{40}(4+10j)^{2\}}$ (56)
3 Morales and Ramis [6] . $\mathrm{Y}\mathrm{o}\mathrm{S}\mathrm{h}\mathrm{i}\mathrm{d}\mathrm{a}[10]$
, .
8 Schwarz 3
2 1 , Gauss
,
$V_{k}(q_{1}, q_{2})=Aq_{1}^{k}+Bq_{2}^{k}$ (57)
( $A,$ $B$ ),
$V_{k}(q_{1}, q2)=(q_{1}^{2}+q_{2}2)^{k/2}$ (58)
. \mbox{\boldmath $\lambda$} $=0,1,$ $k-1$ . 2 2
1 , Gauss
. Schwarz 3 3 .
2 , 4 , 8 , 20 . ,
82
2 ( $k$ )
$V_{k}(q_{1}, q2)= \frac{1}{kr}[(\frac{r+q_{2}}{2})^{k+1}+(-1)k(\frac{r-q_{2}}{2})1]k+$ (59)
( ), 4 3
$V_{3}(q_{1}, q_{2})=q12q2+ \frac{16}{3}q^{2}2$ (60)




$k=\pm 3,$ $\pm 4,$ $\pm 5$ –
. $k\geq 6$
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